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RESEARCH MEMORANDUM

A COMPARISON OF THE CAILCULATED MAXTMUM-MANEUVER RESPONSE
CHARACTERISTICS OF THREE AIR-TO-AIR, BEAM-RIDER,
GUIDED MISSIIES HAVING DIFFERENT LIFT RATIOS

By Howard F. Matthews and Elwood C. Stewart
SUMMARY

A comparison was made of the calculated response characteristics
corresponding to the meximum maneuver of a varlable—incidence, a canerd,
and & conventional tail-aft—control, beam—rider, guided missile, which
are indilcative, respectively, of a high positive, a low positive, and a
negetive 1ift ratio (the proportion of the lift developed by the movable
control—surface deflection to the total 1ift in steady acceleration).
Al]l three configurations were designed to have the same welght, moment
of inertia, and naturel frequency, and to provide the same steady normal
acceleration at identical angles of attack of the surface for which this
angle 1s maximum, Differences ln the response characteristics, there—
fore, represent primarily the effects of changes in 1ift ratio.

The results showed that for essentially the same practical limita—
tions of normal acceleration and of the peak angle of attack of the sur—
Pace which has the maximum angle of attack, the normal-displacement
performance of the variasble—incidence configuration is equal to or
slightly better than that of the canard, depending on the type of guild—
ance or control system used; and the peérformances of both are better than
that of the conventional tail-aft—control misslle. Consideration of
additlonal factors such as servo energy, control—deflection interference
limit, etc., may, in an over—all evaluation, outweigh the small decrease
in normal-displacement response times associated with the, higher positive
11ift ratios. In all cases the displacement perforﬁﬁhcb%'are limited
primarily by the aserodynamic rather than the guidence and stabilization—
system characteristics.
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INTRODUCTION

In the design of a missile intended to intercept and destroy mansu—
vering targets, it becomes necessary to select a value of the 1lift ratio,
defined as the ratio of the 1ift developed by the movable control-
surface deflection to the total 1lift at the deslgn condition. If the
remaining design requirements are assumed identical insofar as possible,
differences in the 1lift ratioc determine differences in the geometry of
the migslle; that is, whether the configuration will be a wvarisble—
incidence, a camerd, or a conventional tall-eft—control missile. It is
desirable, therefore, to have some concept of the relative response char—
acteristics associated with changes in 1ift ratio before making & selec-
tion of this important quantity. Others (referemces 1, 2, 3, and 4)
have made somevwhat similar investigations, but have not considered the
performance in terms of the spatial response nor heve glven any consid—
eration to the possible effects of the guldance and stabilization systemn.
Since the relation between the lethal radius of the warhead and the
target—to-missile normal displacement at the time of conjunction is a
measure of the effectiveness of a mlssile, it is the purpose of this
paper to investigate and compare the effects of changes In 1ift ratio
primarily in terms of relative normal displacement. Three widely dif—
ferent values of 1lift ratio were assumed so as to obtain a configuration
of each of the three types of missiles. In additlion, a beam-rider
guldance system was chosen employing an error—lead network and a pitch-
angle feedback stabilization system.

As a preliminary step in this investigation the design considers—
tions involved in the aserodynemics and control system are discussed and
criteria on which to base a comparison of the missile performances are
established. As will be shown, there are several types of control sys—
tems that mey be used in conjunction with the missiles, two of which are
included in this report. The first .system limits the control—surface
deflection, whlle the second limits the angle of attack of the surface
which has the largest angle of attack. Both analytical studies and
differential-analyzer solutions are given for the comparlson between
missiles with each type of control system. Certain additlonal aspects
are noted which are indiceted by the results of this study and must be
consldered in en over-all comparison.

5
N SR
DEFINITIONS AND SYMBOLS

Critical surface: That surface which has the largest angle of attack at
the trim condition
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Maximum maneuver: The maneuver of the missile which utilizes the max—
imim capebilities of the missile

Interval: The time during which the control—surface deflection is at its
limited value
(For the comtrol systems discussed herein the first and second inter—
vals refer to the time during which the surface deflection is limited
at positive and negative values, respectively, for positive lift-ratio
missiles and vice versa for negative lift-ratio missiles.)

Deadbeav response: A normal displacement response of the missile in which
there is no overshoot above the center of the radar beam for a step dis—
placement of the beam

Design conditiont The Mach number and pressure altitude at which the
missile design requirements are fixed

Eq, output of error lead—network limiter, volts

By output of error lead network, volts

Ep output of pitch-engle feedback circuilt, volts

Iy moment of Inertila, slug~feet squared

K3 reciprocal gearing of servo, volts per radian

Ko gearing of the radar, amplifier, and lead network, volts per
foot

Ka gearing of pitch-angle feedback circuit, volts per radian
per second

Ky steady valus of &

L 1ift, pounds

M moment, foot—pounds

R ratio of 1ift developed by the movable control—surface

deflection to the total 1ift at steady acceleration

|
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Someme—n NACA RM A51F18
exposed surface area in one plane, feet squsred

servo time lag, seconds
time constants of guldance and stabllization circuits, seconds
misslle aerodynamlc time constants, seconds

misslile aerodynamic constent, radian—seconds squared per foot
missile velocity, feet per second

transfer function

normal displacement of radar beem from reference, feet

step megnitude of Zy

normal displacement of misgile from reference, feet

semispan of wing, feet

locel chord, feet

b/2

A °2_%-v\\

mean serodynamic chord ———
b2 . /
[ ews
o] s

acceleration of gravity, 32.2 feet per second squared

distance between center of gravity end center of pressure of
surface in presence of body, feet

body length, feet

mass of missile, slugs

steady normal acceleration factor. < % Z >

L)y
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a complex variasble introduced in the Laplace transformation
lethal radius of warhead (assumed to be 15 feet)

time, seconds

miss time, seconds

spanwise station of local chord c¢, feet

angle of attack (fig. 1)

flight path angle (fig. 1)

control—surface deflection (fig. 1)

limited control—surface deflection (fig. 2(a))

control deflection for limited critical—surface angle of
attack (fig. 2(b))

missile sercdynamic damping ratios

angle of pitch (¥ig. 1) (8 =a + 7)

Subscripts

front surface
rear surface

steady values at trim conditlions

., All angles are in radlans unless otherwlse noted. A (') or (")
above a symbol represents, respectively, the first or second derivative
with respect to time. The symbols Lg, Ly, My, ... represent

o)
QE —E éyg ... etc. Other symbols used exclusively in the appendixes

3 3
da 3% da
are defined therein.
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PRELIMINARY CONSIDERATIONS

Transfer Functions

The simplified linearized equations for longitudinal motion referred
to the exis system given in figure 1l are:

m(6-a) = Lyg + Lgb

I8 = M + MgB + M8 + M

and the displacement equation is
Zy =V siny RVy

These and the lateral equations of motion are equivalent 1f the misslle
is roll stabilized, changes In forward speed are negligible, and the
quentities are measured from trim condition.

The following aerodynamic transfer functioms used in thils study are
derived in the usual manner from the above equatlons:

¥ o _ (1+Tmp)
5 VT 52.'9( 1428 g Tp 4T, a2P2 )

7 = 28 V(1420 TP+ )
6 p(1+Typ)

T, =% = Kg(1+Ipp)

2 2
& (L+2lgTep4Ts D )
where -
& L MgEVMy Mg LeMg+nVMg ~ VMg

CONPTTENTEATN.
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sz _ Lsly _ LeMg+mVMg . _ M
LoMgTL oMo 8 7 L Mpmly Mg
_ mMs-TaMy ., Mg ¢ LoLy—aV (M5+Hg, )
m a -
LaMgTLeMa  LoMeLeMy 2 IV T 5 (LM )
—LaMp
2 7y ~t, ~  —aMg _ —(My+My)
T gb =

S TR T T .
2 s (LoMp—L oM )

The transfer functions of the guidance and . stablilizatlon system
as shown in figure 2 are

Redar, amplifier ¥p = S2(1*T4P) Pitch-angle Yo = SoR(1T2P)
and error-lead (14Tsp) feedback (14Tgp)
network

Servo Yo = ————E—-——
Kl(l+TlP)_

Aerodynamic Design

The aerodynamic performance requirements specified in common for
egch misslle are : :

(a) 10g steady normal acceleration at a Mach number of 2.7 and a
pressure altitude of 50,000 feet

(b) An angle of attack of the critical surface of approximately
20° for condition (a)
(This angle is (o + 8)55 for the variable-incidence and

canard missiles and qgg for the conventional tall—aft~
control missile.)

(c) A missile natural frequency of approximastely 2 cycles per
second for condition (&)
(This value, along with Iy, uniquely determines the stabil-—
ity derivative Mg, since the damping is low and may te
neglected. )
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These requirements are considered typlcal of & supersonic, alr—to-air,
beam—rider, gulded missile and arise in part from a conslderation of
the maximum maneuver (missile capture of the beam at the end of the
boost phase of flight at the highest altitude), and the avoidance of
excessive nonlinesrity in the 1ift of the critical surface.

Three widely different values of 1lift ratlo were selscted to cover
the three types of missiles. Along with a fifth design requirement,
shown in the following table, the lift—ratlo values are

Lif Loty
ratio Misslle D
0.50 | Variable incidence _ 0.45
.10 | Canard _ .66
—.24 | Conventional tail aft control 45

Assuming ldentical bodles, moments of lnertia, welghts, and wing
plan forms, along with the five design requirements previously noted,
the geometry of the variable—incldence and cansrd mlsslles and their
stabllity derivatives may be determined 1n a mammer simllar to the
method reported in reference 4. The (a/s)trim. appears to be of the

correct order of magnitude for these two conflgurations. Results not
presented herein showed thet reasonable variations of (or./S)trim will

not significantly change the conclusions of the report. For the negative
1ift ratio, the stability derivative L, 1s uniquely determined by a '
gselection of the tall length 1, 1f the body geometrlc characteristics
are assumed. An iterative process 1s then applied to determine the size
of surfaces and the remalning stabllity derivatives. A summary of these
assumed and computed characteristics ls tabulated in table I.

Stabilizatlon System

All beam—rider guldance systems, which utlilize only an error -
detector and a servo to control the mlssile, are inherently unstable.
Many methode of stabilization are possible and in thils instance an error—
lead network and & pltch-angle feedback circuit, which utilizes a lead
network and ideal rate characteristics, were used. A Dblock dlagram of
_this system is shown in figure 2. The gearings and the error-lead

[P
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network design were inltially based on an assumed llnear system and the
requirement that the steady displacement laeg of the missile due to a
beam accelerating at the design acceleration must not exceed the lethal
radius of the warhead. The determination of the tlime constants for the
pltch-angle feedback clrcult was based on a compromise between the
migssile normal-displacement and control-deflection responses. However,
preliminary studies indicated excessive normal acceleratlons and control
deflections for a step displacement of the bheam. A mumber of methods
were avallable for reducing these values to reasonable magnitudes and
the use of control-surface deflectlon limliters was selected because of
certaln advantages. The inclusion of these limiters separates the con~
trol of the missile by the stabilization system into two phases: &
nonlinear portion during which the limiters are in operation and, as is
shown later, controlled primarily by the lead-network time constants;
and & linear phase. Two methods of control-surface limiting were used
and are discussed later in the report. An additional limliter represent—
ing the radar saturation 1s also shown 1n filgure 2.

COMPARISON CRITERIA

For a comparison of the performance of the three missiles with each
type of control system, a 100—Ffoot step displacement of the heam was
chosen as it appeared to require s maneuver which is likely to be encoun—
tered during beam capture after boost or during flight. The criterion
for comparing the responses of the three systems under consideration will
be miss time, defined as the time during which the missile 1s beyond the
assumed lethal radius. Miss time is directly related to the effectiveness
in obtaining a hit if it is assumed that the target will not he passed
before the missile has srrived within a lethal radius distance from the
beam center. The performance of missiles, as indicated by the miss times,
can also be compared in terms of other closely related criterls, such as:
first, the miss range, that is, the range necessary to arrive within the
lethal radius; or second, the distance that a missile is beyond the lethal
radius when the missile with the best response is just at the lethal
radius. Differences in miss ranges mean that in the case of beam capture
the minimum launching ranges will differ, or, in the case of a disturbance
during flight, the ineffective portions of the flight will vary.

Tt has been indicated previously that the missiles will be compared
on the basis. of two types of control-system limiting. The first method,
in which the control-surface deflection is limited to produce the design
steady acceleration, is a simple and practical means of reducing the
magnitude of the normal acceleration assoclated with a step displacement
of the beam. The second method, in which the angle of attack of the
critical surface is 1limited, provides a comparison based on conditions
which allow the maximum performance of each missile to be approached.

e -
)
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ANALYSIS, RESULTS AND DISCUSSION

Limited Control-Surface Deflection

Analytical study.— Analytical methods for determining the optimum
regponge of a complex system appear to be lmpractical. Considerable
simplification in the problem results, however, by lntroducing an assumed
optimum control system which wlll cause the mlsslle to reach the beam in
the smaliest miss time without regard for satlsfying certaln practical
conslderations, such as peak normal acceleration and peak critical—
surface angle of attack. It is apparent that thls can be accomplished
by accelerating toward the beam with maximum capsbllities for a certaln
time, then decelerating with maximum capabilities, followed by zero
acceleration in order to. remaln on the beam. For thls purpose, with the
control-surface deflection limited as previously described, the optimum
control system requlres the surface deflectlion to be in the form of a
square wave, The first and second intervals of thies wave must be chosen
to have the proper duration to minimize the miss time and hence define
the optimum path.

It is possible to study the square-wave response, and therefore the
optimum peth, by studying only the step response since one cycle of a
square wave can be decomposed into three steps as 1llustrated in figure 3.
Although the exact expression for the step responses are complicated, 1t
is shown later (p. 11 end appendix A) that the responses for all three

missiles can be sultably simplified to . o

. D82
Ly 5 t

where n 18 the steady acceleration factor corresponding to the step
surface deflection. This result shows clearly that with the optimum
control system the displacement response ls limited by the serodynamic
design and that the three missiles should produce closely the same step
responses since they are all designed to the same steady acceleratiomn.

It is of interest to examine the nature of the optimum path in
reaching the beam. Each step of the surface deflection in figure 3 pro-
duces its corresponding response, the resultant missile positlion belng
the sum of the three step responses. It is necessary that the two
intervals of surface deflection be equal (or each a half perlod) and of
a duration which will produce an optimum path by causing the overshoot
above the beam center to equal the lethal radius as demonstrated in
appendix B. The resultant miss time for the optimum system then becomes

“——t
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which, when applied to the condlitions of this comparison, gives
tym = 0.763 second for all three missiles. This value which 1s based on

the approximate missile response equation (A10), Zym =~ -nﬁ t2 was found

to be within 1 percent of the correct value from equation (A4) and hence
Justifies the use of the approximate equation. It can be reasoned that
if the missile effective displacement frequency (equal to the reciprocal
of twice the time for the missile to overshoot the beam by the lethal
radius or equal to four times the half period) is much less than the
missile natural frequency, sufficient time is available for the develop—
ment of body angle of attack, and therefore differences in 1ift ratio
are not Important. For the conditions in this study, the effective dis—
placement frequency is 0.416 cycles per second as compared to & 2.05 cps
misslile natural frequency. Since the pltching motion is oscillatory,
however, the peaks of normal acceleration and critical-surface angle of
attack require examinetion. The complete derivations of these quantities
wlll be found in appendixes C and D, where it 1s shown that peak values
occur in both the first and second half periods of the control-surface
square—wave motion. The peak values as computed from these equations are
glven for each missile 1n the following table:

Peak normal. Peak critical—
acceleration surface angle
( of attack Mis
d g8
ﬁizo Missile 32.0° 8 (deg) time
Half period Half period (sec)
1 2 1 2
Varisble
0.50 incldence 1k.2| —18.3 25.51 —=30.4 0.763
.10 Canard 17.2{ -2k.1 29.1| =37.3 . 763
Conventional _
—.2h a1l aft combrol ?0.9 —32.0 38.4 | =57.0 . 763
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From the preceding table a comparison of the three missiles during the
same half perlod indicates that the lower 1ift ratios produce higher

Peak values. It appears that these peaks may be excessive in relatlon P
to the design steady-state values for the canard missile and certainly
8o for the conventional tall-aft—control configuration. If the
variable—incidence miselle had been designed for a stesdy critical—~
surface angle of attack which would Just produce the maximum permissible
veak angle, the translent peak angles Tor the other misslles would be
unsatisfactory. For a practical missile, a reduction of these peaks to
satlsfactory values could be accomplished by prescribing the surface
deflection to be other than the perfect square wave as has been assumed.
This means that since the lower 1lift—ratio mlesiles have larger pesk
values, a greater sacrifice mist be made in the dlsplacement response

of the lower lift-ratlo missiles by causing the surface deflection to
depart farther from a square wave. It is apparent, then, that although
all three missiles have the same optimum displacement performance, con—
slderation of the other significant factors noted sbove indicates that
the performance of the variable—incidence missile is best, followed in
order by the canard and conventional tail-aft—control missile.

REAC sclution.— In addition to the analytical study, an investlga—
gation was made on the Ames Reeves Electronic Analogue Computer (REAC)
to £find the magnitude of the deterlioration in displacement response of ) -
the canard and conventional tall-aft—control conflgurations when the
peak values of critlcal-surface angle of attack and acceleratlion were
reduced to velues approximating those of the varlable—incidence missile. .
Values of the control-system parameters were varied in an exploratory
manner sc as to obtein an optimum path by making the first overshoot
equal to the lethal radius., The two time constents in the error-lead
network are the most effective in causing an optimum path, as shown in
appendlx E; thus, simplification of this procedure was permitted. The
results for the three misslles are shown in figure 4. It should be ' TS
noted that since the control deflection of the variable—lncidence missile
as given in figure 4(a) closely approaches the optimum square wave, the
migsile performance agrees well with the calculeted values of the optimmm
system. A comparison of the results of figures 4(a) and 4(b) indicates
that the displacement performance of the canard mlssile is somewhat
poorer than that of the variable-incidence missile (0,023 second greater
miss time), while the response of the conventional tall-eft—~control
missile in figure 4(c) shows a further increase in miss time (0.051 gecond
greater than for the canard). Although it was found infeasible to make
all pesk values of critlcal-surface angle of attack and normael accelera—
tion ldentical, additlonal date which are not presented indlcated that
the effect of these differences on the miss time would not significantly
change the results. Therefore, as was indlcated by the analytical study, "
it appears that for the type of control system assumed, the best perform- -
ance ls assoclated with the highest posltlve 1ift ratlos. It 1s evident
also that thls is due to the necessary sacrifice in the normal-displacement .

GORPENTIAT




response cansed by an increasing departure from the optimm square wave of conbrol deflec—
tion in order to reduce the high peak critical angle of attack and acceleratlon assoolated
with the lower 1lift ratios. Thus, the differences in dlgplacement response are due basically
to differences in migsile characteristics and not in control~system characteristics. The
important values relative to the motion of the three miselles as presented in figure L are
smmarized in the following table:

Peak normal | Peak critical— Distance Approx—
acc.e.lera.tion surface angle ) greater than | lmate
Zy of attack Migs | lethal radius | inoreased
Lift Migsile 3.5° g (deg) +time | at time 0.797 | miss range
ratio (sec) { second
Half perled Half perlod
3 5 3 5 (£%) (£t)
Variable
S L] - 0
0.501 - Jdence 1 {174 | 29.3 | -29.6 0.797 0
.10{ Canard 17.0 {—17.2 {1 29.1 | 9.7 820 3 €0
_.ol, | Conventlonal 15.5 |-12.1 | 27.0 | —21.5 87 10 195
*“7 |tail aft comtrol ’ :

The above conclualons also agree with those obtalned from the deadbeat responses as can be
geen from & comparison of the reaults of flgure 5.

QTITGCY I VOVN
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Limited Angle of Attack of the Critical Surface

Analytical study.—~ In an effort to obtain a response superior to

that for the system in which the control-surface deflection is limited,
1t appeared that a control system which operated with a limited angle
of attack of the critlcel surface would give better results. This
obJectlve is attained by deflecting the surface initially to this angle
and thus additlonal gasins can be realized from 1ift due to the increased
control deflection and increased anguler acceleration which develops
11ft due to angle of attack. The equations for the normal-displacement
response to a step in the angle of attack of the critical surface are
developed in appendix F in a manner simllar to the procedure outlined
previously. Here it 1s demonstrated that again the normel-displacement
response ls adequately represented by the formule

ng .=
~ ==t
ZM 2

where n 1s the steady normal-ecceleration factor corresponding to a
step steady critical angle of attack. Two significant conclusions may
be drawn from this expression: first, since the peak permissible
critical angle of attack 1s greater than the design steady-state value,
& step in the critical-surface angle of attack with a magnitude equal
to the peak permissible value wlll produce & greater steady acceleration
with a resultant superlor normal-dlisplacement performance; and second,
all three misslles wlll have the same normal-dlsplecement performance
if the optimum square wave in the critical angle of attack is followed.
For the veriable—incidence and cenard misslles, the development of =
square wave in the angle of attack of the critical surface (a + d)

i1s theoretlcally obtalnmable. However, this 1s not possible for the
conventional taill-aft—control missile due to the additional time lag
necessary for the body and maln 1lifting surface to turn to the angle of
attack o of the critical surface. The conclusion, then, 1s that
ideally the performance of the variable-incldence end canard missiles
will be equal, with the conventional tall—aft—control missile being

somewhat inferior.

REAC solution.— A square wave of critical angle of attack may be
closely approached through the use of appropriate circults. However,
it can be obtained simply by means of an (o + 3) limiter as illustrated
in figure 2(b). The analogous block diagram for this system as used on
the REAC 1s also given on figure 2(b). It should be noted 1n this figure
that 8 1s identicel to & if the limiting (a + 8) 1s not reached. A
factor which reduces the practicability of this sytem somewhat 1s the
difficulty of obtalning accurate angle—of-attack measurements.
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As mentioned previously, it 1s not possible to obtain a square wave
in_the critical angle of attack for the conventlional tall—eft—control
misglle. A close approach to this condition 1s obtainable as can be seen
in figure 6 for this missile. Although the peak positive and negative
angles of attack are not identical, 1t was beliseved that wlth further
exploration on the REAC an angle of 22° for both peaks could be cbtained
without a significant increase in miss time. For convenience, then, the
limit of 22° was selected for the critical angle of attack of the other
two misslles. The REAC results for the variable—incidence and canard
missiles are shown in figures 6(a) and (b). It 1s apparent that the data
from the REAC closely approaches the results indlcated by the analytical
study. These results are summarized in the followling table:

Distance Approx—
Tift Miss greater than | pate
ratio Missile time lethal radius | increased
(sec) at t =0.770 | miss range
second
(ft) (£%)
Variable
0.50 incidence 0.770 0 0
.10 | Canard . 789 2 50
Conventional
—.2kh tall aft control -878 17 285

A comparison of the above data with that for the control system in
which the surface deflection 1s limited confirms the superlorlty in
performance of the system with I1imited critlcal-surface angle of attack.
The reason the difference is not more marked is that the critical angle—
of—attack 1imit was not set at the peak permlssible value.

It should be noted that for this type of limiter the control-surface
deflections of the variasble-~incidence missile exceed the interference
lilmit of about 150 between the pitch and yaw controls. The effects of
+this interference 1limit are discussed in the next section.
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ADDITTONAL DESIGN FACTORS

As 1s well known, the design of & missile 1s extremely complicated;
in fact, 1t 1s difficult to give a definition of an optimum missile.
Certain designers interpret the optimum missile to be one which meets
the design conditlons for the least cost. The factors which determine
the over-all cost are many, but certainly the size of the components,
the total exposed wing surface, storage, and ease of assembly considera—
tions, etc., are important factors, a few of which are discussed in the
following sections,

Servo Energy

It is possible to approxlimate the relatlve servo energy consumed in
flight for the three misslles under consideration. A conventional
hydraullc system employlng & linear plston actuator with an accumulator
is typilcal of servo systems used 1n alr-to-alr supersonlc missiles
(reference 5). For this type of system, the servo energy consumed is
equal to the change in the product of the pressure and volume of oll in
the accumuletor and 1s approximately equal to the average pressure times
the product of the gearing between the control deflectlon and servo—
riston movement, the servo-piston area, and the sum of the absolute move—
ments of the contiol surface between points at which ) changes sign.
The combination of the pressure, servo-plston size, and gearing is
designed to meet the expected maximum hinge moment. If the same statlc
margin of the control surface is used for each of the three missiles and
1t 1s assumed that the hlnge-moment coefflclent due to & 1s equal to
that due to o, the maximum hinge moment 1s directly proportlonal to the
product of the exposed surface area S, 1ts mean merodynamic chord ¢,
and the deslgn meximum angle of attack. By use of the actual maximum
angle of attack of the control surface as given in the applicable time
historles to represent the deslgn maximum angle of attack, the relative
consunption of servo energy is glven by the ratio of this quantity times
Ser|8! for any two of the misesiles. The results for each missile based
on the deadbeat response of the canard are given in the following table:
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Relative servo energy
Type response 0 .
ptimum; Deadbeat;
Lift Limiter | gurrace Optimum; surface
ratio control surface aigle | ;oniro1
Missile deflection | ©Of attack deflection
Variable
0.50 incidence 17 2.3 6.1
.10 Canard 1.2 2.2 1.0
Conventional
-2k tail aft contirol 2.2 2.2 2.1

These ratlios indicate that the varlable—incidence missile requlres a
relatively large servo—energy storage capacity in relatlon to the other
two configurations.

Surface-Deflection Interference

Another unfavorable factor associated wilth the variable—incldence
configuration is the possible interference between the pltch and yaw
control surfaces. For the control system using a surface deflectiown
limiter, the lnterference limit for all three missliles was not exceededi,
although this limit and the control-deflection limilt are approximately
equal for the variable-—incldence configuration. Thus, for the higher
ratios at the same deslign acceleratlion or for the same 1ift ratio at
higher design acoelerations, the varisble—incidence missile beconmes
Increasingly inefficient using the same plan form since the design surface
angle of attack must be reduced and larger surface areas are necessary,.

For the control system using a criticul-surface angle—of-attack
limiter, the interference limit of the control surfaces was exceedel by
only the variable-—incldence missile. From a consideration of this lim—
itation, 1t 1s concluded that the normal-displacement performance of tie
variable~incldence misslle may be somewhat poorer than that of the canari
in this Ilnstance.
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Slze of Surfaces

A comparison of the totel exposed surface areas Indicates that the
conventional tall-aft—control missile has the smallest area, while those
for the other two confligurations are nearly equal. It appears, then,
that the range perforpance of this misslle will be superior to the others
at low 11ft coefficlents. At higher 1ift coefficlents, the relative
range performance is uncertaln without an lnvestigation of the lift—drag
ratios of the three missiles,

CONCLUDING REMARKS

A study has been made of the response characteristics to the max-
imum maneuver at the design conditlon of & varlable—incldence, a canard,
and a conventlonal tall-aft—control missile, which are indicative, respec—
tively, of a high positive, & low positive, and & negative 1ift ratio.
Since other design requirements for the three mlssiles have been assumed
1dentical Insofar as possible, the conclusions presented represent pri—
marily the effects of changes in 1ift ratio.

For the conmtrol deflectlion limited to that value which will glve
the deslgn steady acceleration, the optimum normal-dlsplacement response
is the same for all conflgurations. It can be reasoned that this is due
to the missile effective displacement frequency being much less than the
missile natural frequency, thus allowing sufficlent tlme for the devel—
opment of 1ift due to angle of attack; and, therefore, differences in
1ift ratio are not importent. However, the angle of attack of the crit—

ical surface and the normal acceleration show lncreasing peak values with

decreasing 11ft ratio due to pitching oscillations. A reduction 1n these
peeks to satisfactory values can be made by an increasing sacrifice in
the normal-displacement performance with decreasing 1ift ratio.

For the missiles compared on the basis of the seme limited angle of
attack of the critical surface, the theoretical optlmum normal—
displacement performence 1s again unchanged by the conflguration. Since
migsiles with negative 1ift ratioe camnnot approach the theoretiocal opti-—
mum square wave of the critical angle of attack, the dlsplacement per—
formances of the variable—incldence and canard oonfigurations, which are
nearly equal, are superior to that of the conventional tall-aft—control
missile as long as the interference limit between the pltch and yaw
control surfaces 1s not reached.

Certain aspects, such as the servo energy storage required and the
control interference limitations, favor the lower 1l1ft ratios. In an

SRR A L

[
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over—all evaluatlon, these and other Important factors as, for example,
the ease of assembly, storage problems, effects of nolse, etc., must be
considered and may outwelgh the small decrease in normal—dlsplacement
response time assoclated with the higher positive 1ift ratios.

The normel-displacement performances of all missiles discussed hereln
are primerlly restricted by the serodynamic rather than the guidance—
and stabillzation—system characteristics. In many instances involving
miggile control-system combinatlons 1t appears possible that preliminsry
studies may be simplified by eliminating detalls of the control system
from conslderation and by assuming that the missile is controlled by the
desired surface deflection, since 1t is probeble that a control system can
be devised to produce reasonable desired deflections.

Ames Aeronautical Laboratory,
Natlonal Advisory Commlttee for Aeronautics,

Moffett Fleld, Calif.
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APPENDIX A

MISSIIE RESPONSE TO A STEP SURFACE DEFIECTION

The missile tramsfer function relating surface deflection to missile
vertical position can be shown to be

2 (5) - | B (p) 2] '

T-bz 2 4+ olyTpp + 1

= Al
2p3(Ty%p° + 28gTep + 1) (A1)
The response for a step surface deflection of magnitude By 1s then
70 (2) 81.(Tpop" + 2LpTpp + 1)
M =
20Ty 2p2 + 28, Top +1) ]
) sL.(Tp"p" + 28pTop + 1) (22)
T,2T, 2p%[p — (—0g+ihg) D — (—0g=irg)]
where ‘ | )
d | |
Og = EE e = JI1 -2 e
a a —-—-—-&-Ta e
In terms of a partisl—fraction expemsion, .  _ . _  _ - ]
a1 8o ag : _a,_a
Z ==L =4+ ==
M (p) Y P2 ek P - (—O'a"i'lXa) P - (—d&—ix&) (A3)

where za.‘.3 is the complex conjugate of ag. The residues can be found as
follows:

. 5
8, = !é'g;mo {d_[_}%m_(ﬁ_ } - -'IT:‘F(sz— To — 48aTalpTp + 48e"Ta") S

Lim {dLP Zy (p) n_ 28y,

8y = P-}O dp | j Ts (g'bTb - ca’Ta)“ . .-
_ Lim .0
82 = p o o [p%zM(p)] ;Eg - ) =
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Lim

ag = p> (—og+ihg) {[P — (—og+irg)] Z'M(P)}

_ 81.Tp2 (0" e 20g0p+op Ap7) + 1(20pha—Loa)s )
2Ty 2T, 2 (Aa"—30a%ra?®) + 1(30a7a"—05)g)

where oy and Ay are defined In the same manner as for o, and A
that 1is, & &

¢ /1 - 62
crb=%’ and xb=..‘§l_Tb__b_

For all missiles under investigation \g>>0g, Ab=—Ag® >>0sZ+0p2—2050D,
and Ap2—rg® >>60a(0h—0s) so that ag reduces to

AnE=hg 2
_ 81, T ()"bz—xaz) - il: 30'4\%8'1—?_>+ g ( O'a‘o'b)_}
2Tg2 (Ag? + 90,2)

8g

The time-history response can then be written as

~ogt -1 8T O
= a, + ait + _aééta + 0 /aeRa"‘asIz RaCU (hat%anl-—“l)
8sR
8
= ag + a1t + -Eatz + a0 %8%0s (Agt+e) (ak)

where a,R and azT refer to the real and imaginary part of ay. The
correct phase angle must reduce Zy to zero at time zero which means it
mst satisfy the equation a, + g, cos € = 0.

The values of the coefficients in equation (A4k), using parameters
given in table II, are presented as follows:
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Paramster Xziig:iie Cangrd [Tail aft control

8¢ ~0.94 -1.70 -2.37

ay -1.90 -3.30 —2.43

a2 322 322 322

&R 6T .849 1.18

8y T —. 09k -.188 —.143

8, .95 1.7h4 2.38

€ -11.,4° -12,5° —6.9°
Hence the missile equations are:
Variable - - 2 —0. 891t }
incidence (t) = ~0.941 — 1,90t + 161t2 + 0795@ cos (739t—11.k)

Canard Zm(t)

~1.70 = 3.30t + 161t% + 1.7he O % %c0s (739t-12.5) ?
Tall aft |
control Zy(t)

~2.37 — 2,13t + 16142 + 2,386~ % 5 bcos (739t—6.9) J

(A5)
It aprears that for values of t greater than ebout 1/2 second,
the above equations can be adequately approximated by the t2 term in
equation (AL) as

~ OL .2 -
ZM ~ 2T52 t - ~ ) (A6)

The design ratio SL/TS2 can be simplified further in terms of the steady

acceleration factor from the following simplifled 1ift and moment equa—~
tions at trim conditions:

Lgg = LgBy, + Lyagg
MgB1, + Maags = O

The steady angle of attack agg corresponding to a surface deflection
81, 1s, from the moment equation,

M'Mm
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agg = = -LLE 51, (A7)

which substituted in the 1ift equation and solved for the value of BT,
glves

_ Lss
_ Lok
Is My

Letting the steady 1ift be mngm, 81, reduces to

8L = ;—% = ngly? (89)

BT, (A8)

R
The missile response then becomss
Zy N %‘f— t2 (A10)



ol GONF IDENTTAZ, NACA RM A51F18

APPENDIX B
MISSIIE RESPONSE FOR AN OPTIMUM

STABILIZATION SYSTEM

The general discussion given in the section on limited control
deflection and the information in figure 3 are applicable to the follow—
ing study. For the first intervel during which the deflection is
positive

AT (B1)

During the second intervel the deflection is negative, the missile
response is composed of two t2 functions displaced in time, one poesi-—
tive starting at time zero and the other negative of twice the magnitude
beginning et the start of the second interval or at the switch time tgi.

Zy 3 ot - 2 [%ﬁ(t—ts_l)a ]

A meximum of this equation occurs when
az
—a% ~ l:—"b + 2’b51:| =0

or wvhen t % 2tgi. During the third intervel in which the surface
deflection is zero, the response is composed of the two t2 functions
discussed for the second interval in addition to a positive +2  func—
tion beginning at the start of the third interval or at the switch time

tsar

2 2
7 % 42 = 2 [%%(t"tsl) } + ZBttg2)

X ns.l:(?ﬁsr'tsz)t + (ts:z"— t512>] (B3)

To reach and remain on the beam at a constant value of Zy it is easy
to show that for

dZM~

2tgy~t =0
at ng(_ s1 sz)

it is necessary that tgz  2tgy which means that the first and second

’-‘
conrPENT e
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intervals of the surface deflection are equal or each interval is & half
period. It is necessary, in addition, to determine the required dura—
tion of the half periods so as to minimize the miss time. A qualitative
examination of this problem indicates that for the optimum displacement
response the overshoot above the beam center should equal the lethal
radius. This conclusion has been mathematically verified. Equation (B2)
ovaluated at t x 2tg; expresses the missile position at the peak and
for an optimum response this position must be Zp + r, giving

— -b2 2
(ZM)Mx =ZB+r=vns<—?+2tslt-ts1 >

't=2'ts]_
A solution for +tgi1 then ylelds
7Zp + T
tyy & / ==L (BL)

For the conditions assumed, tgy equals 0.60 second.

The magnitude of miss time for the optimum path can also be found
from equation (B2) as the value of t which will bring the missile
position to Zp —r.

+p2
Zy=Zgp —r xng(—--%l—+ 2tsl'tm—t312>

from which
tm~—2—<4/2'3+r—,./r > (85)
«/ ng

Physical reasoning shows the minus sign to be correct. For the assumed
conditions, tm equals 0.763 second.
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APPENDIX C
MISSILE ACCELERATION FOR AN OPTIMOM _ _
STABTLIZATION SYSTEM
The acceleration of the missile when subjected to a square wave of
surface deflection can be found from the response toc a step, as has been

described in detall for the determination of missile position. The
transfer function relating surface deflection to normal accelerstion is

By (Tpp-+ 2bpTpp+l) (1)
5 Tg2(Ty2p2+28 g T p+L)
For a step surface deflection of magnitude BL’ the response bhecomes
#e (p) = —LTp 2 +25nTHp4) -
2 2 2
Ts p(Ty D +2§aTap+1) _
_ aL(ca2+x52)(p2+2qbp+(cb2+xb2)] (c2)
T 2(0. 2+ by 2) ( )2 A\ 2 -
s \Op * AT )p[(pHog ) 90"
where C
4 ¢ 1-£ 52 1-£12 -
Q‘a = 28 O‘-b = —b— )‘a = —_—QE_ )\'.b = ___—_gp.-
Te Ty Ta Ty

The time solution can be shown to be

. _ 8 (0,70 3)
a (8) Tg2( op=+\p=) {

°b2+*b2

2.4 2 — _ . =
045+\g

(0g3Ag220a0p+0p2+Ap2) 2 + Ag2(20p—20g )2 -
”/ a & & I a o %atgin (Agt+¥14+py)
Maw/ 0g2 g ' - -

(c3)
where .
*l = 'ta.n"'l _EA'&( Ga"‘cb)
ApE-hgZ+0g 2 +opZ—R0a0h
»
p;|_='ba.n_12"-5 - o

Cg, . .

CQUEADENT AT
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This equation represents, of course, the acceleration throughout the
first half period. It will be desirable to express the acceleration

in the following form where, for purposes of satisfying the initial con-
ditions, the sign of the second term has been changed to allow the use
of the smallest of the multiple values for V3 and p3

Zy (t) = bo — breCabsin (Agt+¥1+p1) (c4)
8
by = b
o T mg2
b 81,/ 0a2 a2/ (0g2—hg2=2ag0p+0p2+Ap2)2 + Ag2( 2020 )2
l -

Tg2 Ag(obZ+p®)

Considerable simplification resulis from a consideration of relative
magnitudes of the paremeters. For all the missiles under discussion in
this report, it is possible to show that AgZ >>0a2, ApEAg™>

0240 2—20,0y, and  Ap2-Ag 2>> kr 2(oy—0,)2. Using primed values for
approximate unprimed perameters, the solution is then

L X} '
Zm (t) % bo — by e 9absin (Agt+¥y'+o1) (c5)
where
by' = &1 To2(Mb2Aa?)
Tg2
1 1 —2Ag( 0
¥,' = tan 3 3(23'02)
Ap —hg

For the second half period, the acceleration is expressible as
Zy(t) = by-bie9absin (xat+¢1+pl)—2{oo—ble'°a(t‘t81)sin[xa(t—rts1)+ﬂr,_+p1 ]}

= <bg—b1e98b[sin (Agt+¥i+py )—2eT861gin (Agt+¥r+pi~Aatsy)]

= —'bo—ble‘“at~/1-1-2+92 sin (Agt+¥e+p1+p2) (c6)
where
t —
N =1 - 2:78%81c0g Aetga Q= 278" 540 Agta1 pz = tan % %

Simplification then gives
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iM (t) & =bg — by e—ca't«/ 12+0% sin (Agt+¥1'+p1+p2) (c7)

The peak value in esch of the two half periods 1s of primaery
interest. In the first half period it can be found by determining the
value of time txi1 &t which the be'gl_;__qgcurgs__._ The equation

dZM “Tat

= = b1l e %8%0s (1, t+’l’1+pl) - ca sin (Agt+¥a+py)] = O
can be satisfied only if
Agt + ¥p = mit _n_'=."o.,_'if_“1, 2, v u .
or ETER .- .
e (c8)
_ e . .

The value of n must be chosen so tha.t tx:. is approximately helf way
between zero and +tg1. Y _

Then eva.luating equa:bion (Ch) at. tx1 gives

() g

bo ~ bie ™ aft?“-s:r_n Gmﬁsan 1¥'—'>

bo = ble_qa‘txj'sin <mt+sin_1 ——h———>
Vi 7\'&2+°'a.2
Ae

n
bo — (—1) byedatz1
Ag2+0g2

(09)

which, according to the previous approximations, is
() . » bo — (—1)"py'eFatxa

max

Numericel calculestions show that for the first interval n =1 giving

(%)gax ® bo + byte 08zl (c10)

The second hslf periocd can be treated in a similar menner utilizing

equation (C6). The value of time +tx2 in this second half period can be

found from

CONEIRENGTods
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Eg% = —b14/ 12402 [AgeO8%cos (Agt+¥i+p1tpn) — oae™%absin (Aat+¥1+p1+p2)] = 0
which requires that
— Uy -
tgo = 2X x:l L2 (c11)
Hence the peak value is
. —Gatxz _1)‘5.
(ZM)m&x = —hg — bie n2+02 sin (n:t+ta.n o
t —
= —bo — b:Le—Ga 2 /22 sin( nx+sint e
N Ng2Hog2
-0, A
= —bo — (-1)Ppse e’ frEig —_— (c12)
» hg +0g
Again using previously discussed approximations,
(Zpg) gy & —bo — (=1)7by '/ TB+0E & Uatze
For this interval calculations show that n =‘k4; thus,
(EM)ma_x% —bo — b1’/ 12402 ¢ Valz2 (c13)

Numerical substitution of missile parameters then gives the follow—

ing values:

Parameter | Veriable Cenard Teil aft
incidence control
bo, fps2 322 322 322
by, £ps? 159 290 400
tx1, Sec 247 2Lk 2Ll
tx2, sec 872 .865 .855
1 606 .550 .638
Q 2.99 3.k2 2.76
p1, deg 86.9 85.9 87.6
pz, deg 78.6 80.9 77.0
V', deg 2.7 —. A

SERERENSRL,,
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The preceding values then give the following results for the time
history and maximum values:

Normal acceleration, Zy/g
Maximm
Time history valus
Helf period 1
Varigble -
incidence 10 — 4.9ke™% 9% gin (739t+8L4.2) 1k.17
Canard 10 - 9.006-0' oL sin (739t+85.6) 17.21
Tail aft -
combrol 10 — 12.42e7% 547 gin (739£+88.0) | 20.90
Helf pericd 2
Varilable 0 - —o0, 691t .
incidence 10 — 15.05e sin (739t+162.8)| —18.27
Canard ~10 — 31.206" % 7™ sin (739t+166.5)| —2k.10
Tall aft A —0, 547 _
control 10 — 35.30e sin (739t+165.0)| —=32.00

It is of interest to notice that the phese angles at the beginning
of each half pericd are nearly st/e so thet the time—variant portion of
the time histories approximates & demped cosine function as shown below:

74
ZM fX/ (ZM)IWGX
0 p - !
e 57 Feo — N max

N

~ !
Half period / Half period 2

GONETDENTTATm:,
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AFFENDIX D
MISSTIE CRITICAL ANGIE OF ATTACK FOR
AN OPTIMUM STABILIZATION SYSTEM
The determination of the critical angle of aettack follows very

closely the derivation of the acceleration given in appendix C. The
desired transfer function expressing the angle of attack is given as

Kg (Trp+l)

L (p) = (D1)
5 (P (Ty2p2+28 ,Tgp+1)
In response to a step of surface deflection 3,
1
T 5L§p+-—
8L.(Trp+1 Eglr T. >
@ (p) = EgOL.( Trp+1) _ T (p2)

p(Taz_p2+2§aTa§+l) - Ta2p[( P+Ga)2 + Xaz]

the solution of which is

2 —
KoTr0T, 1 /(Tl B ;ﬂaz g
o ('b) = + L e 8.-t

;
— sin (xat+q>1+pl)J (D3)
Ta Tr( o 8.2+}"8.ﬂ A o,az +)"8.2

where

The first half period is represented by equation (D3) which can be
written in the following form, again changing the sign of the second
term as was explained for equation (CL)

a (t) = ¢g = cie98bsin (Agt+Ps+py) (D)

in which
Co = KgSL

o)
1= E%—L / El; - C’a>2+ ra J Ta +hg”

AT,
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As an approximation, it is possible to show that for ell these missiles
A >> 0g and 1/Tp>>Ag>>0g so that c1 % co. Then

o (t) m co — coe%2bsin ()\,a_'b+CP1'+p1) (b5)

@' = tan ™ AgTy

For the second half period

a (t) = cg — cre%absin (Agt+Pri+p1) —

2 {Co - Cle—ca‘(t—tSI)Sin [)\'a(t"tsl)"'q)l'l'pl]}
which simplifies to

a (t) = =co — 109854/ n240% sin (Agt+Pr+pi+pa) (D6)

in the menner as shown for equation (C6). The approximetion cy & cg
t
and ¥, X @; then gives

@ () m =co — coe 08t/ n2+02 sin (Mg t+Py +py+p2) (D7)

The peak values of equations (D4) and (D6) during the first and
second helf periods will be defined to occur at 1 end tyo, respec—
tively. The similarity of equation (DL) to equation (Ck) gives a value
of ty1 by analogy with the corresponding equation for txi

) '
a
Then, it can be shown that for n =1
A
Omax = Co + cle-o'aty17===a‘ (D9)
o,a2+xa2
or
% cn + cue0aty2 (D10)
Umax ) 0

For the second half period the seme anslogy between equations (D6) and
(C6) may be used to write directly
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byz = nx — 93 — po : (D11)

Hence, for n =4

A
Umax = —Co — c1670a%y2,/n2402 —2—r (D12)

J 0gZ+hg®

or,
R~y — Cga/NoHA2 eVaty2 (D13)

It might be noted that tyy and tyz are defined differently from tx1
and txo, respectively, although numerically they are equal because P31
and VY, are mesrly equal.

Fumerical substitution of missile parameters then gives the follow—
ing values, some of which have already been worked out in the develop—

ment of the acceleration equations but are repeated here for convenience:

Pevemster | 1o0i0cnc, | Comerd | gy
co, deg 5.9 10.8 20.5
tyissec | 2h7 2kl <2l
ty2y s6C 872 .865 .855
N .606 .550 .638
Q 2.99 3.k2 2.76
p1, deg 86.9 85.9 87.6
po, deg 78.6 80.9 7.0

- 9, % deg 2.7 -.3 A

The preceding values then give the following results for the time
history and maximum values of the critical-surface angle of attack:
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- Criticsl-surface angle of attack

(deg)
Time history Miii?
Half period 1
Variable - _ —0, 891
incidence 0.5 — 5.9 sin (739t+8k.2) 25.5
Canard 20.5 = 10.8¢ % ®17s1n (739t+85.6) 29.1
Eiﬁriit 20.5 — 20,56~ > S*Mgin (739t+88.0) 38.k
Half period 2
Varisble —o0, 89K _
incidence ~20.5 — 18.0e sin (739t+162.8) 30.4
Canard —20.5 — 37.20" 0% 7 g1n (739+166.5) —37.3
Tail aft "'0-547't
control —20.5 — 58.3e sin (739t+165.0) ~57.0

COYE DRI
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APPENDIX E

OPTIMIZATION OF A FRACTICAL STABILIZATION SYSTEM

A practical stabilizetlion system approaches the optimum system by
causing the half pericds of surface deflection to approach the values
produced by an ideal stabilization system as given by equation (BL).
Initially, the step Zp signal causes the surface to deflect to its
limit. The surface will remain et this limit until the negative feedback
signals from 6 end ZM cause FEp and Er, shown in figure 2, to
become large enough to overcome the initisl surface deflection. Hence,
it 18 necessary to determine the manner in which they vary with time.

Lead—Network Limiter Signal Ej

From figure 2, it can be seen that

Ern(p) = Yr.(Zp-2ZM) = YIZB — YIZM (E1)

For a step displacement of the beam of magnitude Zp, Zp(p) =Zp/p and

Zu(p) 1e given by equation (A3). Then by substitution and separation
into partial fractions,

2 T T T4~T —T5(T—T
Ern(p) = Ko(Zp-s,) <!'-+L-§ —Kaal[ e _,_512__,_ 5(Ta s)", _
P l+‘I‘5p 1_‘_;115:9 |
(T T)  TT To (T, Tg)
Koso |—2—2—2 + 425+_%5+_5_4_5_} -
D D D T+
Kot g [g:_ 1. _ge ] — Ko5s El 1, _ grihe |
1+sp P - (—o‘a+ika) -[J_T_‘SP D - (_d&_ﬂa)
where
_ (Ts—~1y ) (0pTe1) _ (T5T4)Tshe
&= =2 a2 by = 2 2, 2
(0aT5-1)% + & %ha (0aT—1)% + Tohg
2
2o = (1057, ) (1-05T5) + TyTshg _ The(1l-T50g) — Trg(1-T40q)
(1~0aT5)% + T5™ha® (1~ 05)° + Ts“Aa2

The solution for Epg(t) can be reduced to

L
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Eryg = Ko [1o + 11t + 1287 + 1ae—t/Ts + 1,6 %absin (Agt—e2)] (E2)
in which
lo = Zp — ag — 81(Tes) + agls (Ty—Ts)

13 = = [a1 + 82(TTs)]

a2z
la = =5 _
lg = &.1—5 [(Zp—a0)(T4~Ts5) + 81Ts(T4Ts) — axTs?(TTs) — 2(&3381"331h1)]

24 =2 f12 + f22
f]_ = aa-Rgg - B'BI h2
fz2 = agrga + a5 h2

€ = 'ta.n—l %

Numerical evalusmtion shows thet many of the sbove terms are negligible.
Typicel values of stabilization parsmeters of ko = 1.19, T, = 0.43, and
Tz = 0.09, together with the paramsters given in teble II, show that

Erg & Ko [ 20t + 12%% + 12t + ze*e"t/Ts + Z4e_°a-tsin (Agt—ez) ] (E3)

where
lo' =7 + 82Ts(TeT5)
1y = —aa(T4Ts)
lg' = -T—]fs- (T4Ts)(Zpe2Ts")

A typicel equation for the verisble—incidence missile evalusted from
equation (E3) glves

Bry = 1.19[ 109.8 — 109.5t — 161t% + 3671+ 184 3,596 891bgn (7390-68.2) ]

(EL)
The signal Ery 1s then fed to a limiter (representing the saturation of
the radar receiver end amplifier) set for a value of voltage corresponding
to a 25—foot positional error. This means that the limiter output iy
is equal to 25kp for all values of time for which E1n225ke and thet
Er, = E[y vhemsver EryS25ks. For exemple, for the variasble—incidence

SRR .
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missile, linear operation obeying equation (E3) occurs for times greater
than O. 118 second .

Pitch-Angle Feedback Signal, EP

The feedback signal E, can be determined from the response to the
limit surface deflection. forom f.igure 2, it can be seen that

8 P VI, 2(Ta2p2+28 Tep+1) (1+T D)
For &(p) = 8r/p, the response is
(p) = — LTS &P* ) &) (56)
P VTszTasz P P'l'l-%— (P +20’a:p+0’a_ +A 2)
the solution of which is
Ep(t) = Kp[Ro + Rle_'b/Ta + Rge(“’a'*'i)"a)t + i'ze(-o'a.—ﬂva)t]
= Kp[Ro + R_-,_e_'t/T8 + Rae"%‘t sin (Agt—eg)] (ET)
where
&
K:p = —-————-——I':IlI'KsIIl2 dl ] (— + "— a2
T L l>
e —J—E = A\ + == ) — 20\
° TmTzka d-2 a<Tm T2 ane
1 1 1
T o, T T
Ry » 22 e dg = 20phg —28

®E ;

dy + ids 2 o
Rp = ————= _ d, 8 -Ag" — =&
2" Daldgria,) 4 5 T
Rg = 24/4.2 + 4.2 dg = 2ds +2d2d‘*
gldg + dy )
a ds — &
es=tan_1d—5 d6=62321dz
8 Ek'a_(ds +d-4 )
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Numerical evaluation for all the missiles shows thet to a good approxime—
tlon '

Ep(t) % Kp [Ro + Rge%absin (Agt—ey)] (E8)

For the variable—incidence missile, using typical velues of To = 0.07,
Ta = 007, an.d. ka = ll'l"ae,

Ep & 5.36 + 8,726~ % 89lg1p (7398-46.7) (E9)
Switching Time, tga

It is now possible to find the half—period time of the surface
deflection. As described in the text the determinetion is made by open—
ing the loop between Yg and Yy, by applying a step deflection to the
surface, and by calculeting the return signal at the output of Yg.
Using an ldeal servo as an approximation, the surface deflection will be

8(t) = g [By(t) — Bp(t)] (810)

Examination of equation (E10) shows that for smell velues of time 8(%)
is larger than 1ts limited value and hence must remsin at this 1limit,

At a leter time, however, the =T, signal decreases sufficlently to
allow 8(t) to begin operation in the linear range. Switching to the
opposite limit occurs in a relatively short time so that the spproxima—
tion to a square wave is good. The exact expressions for the feedback
signals Ey, and Ep are somewhat lengthy, which would meke it difficult
to solve for t from equstion (E10). A good approximation cen be made _
by using

Er(t) & Ko[lo' + 11't + 12t%)
Ep('b) ] KPRO

Then equetion (E10) becomes

1K1 & (K2lo' — KgRo) + K2li't + Kalzt®

and the solution for the half period is

"'?'l' 1 1,2 ) Kﬁo Sr.Kq
tg1 Ao +'2"i'2-»/(11 ) —1{7’.2@0 “x - K2> (E11)

CQNEIDENTT ALy
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Evaluation for the variable—incidence missile using K; = 0.02 and the
constants already presented shows that

tgy m —0.3% + 0.0031 4/ 12,000 + 644(109.8 — 4.5 — 10.7)
tslz 0.50

which is close to the optimum value of 0.598. This means that the
assumed constants would produce a nearly optimum system.

If higher accuracy is desirable for vaelues of tg3, an iterative
process utilizing equations (22), (ET), and (E11) may be employed. The
effect of the neglected terms i1s to add a small additional term in the
second parenthesis of equation (E1l). For the variable—incidence missile,
for example, the neglected terms amount to only 0.24.

It 1s possible to determine the relative lmportance of the various
parasmeters controlling the switching time. A comparison of equations (E3)
and (E8) with equation (Ell) reveals that the feedback signal Ej 1is
involved in every term of the g, equation while the gignal Ep occurs
in only the middle term of the second parenthesis. It 1s shown above
that this term is small compared to the remaining terms in the parenthe—
sis although not completely negligible. The remainder of the equation
involves only the constants 1o', 1i', and 1z. Definitlons of these
quantities show that for a given Zp and & given az, which can be seen
from sppendix A to represent the steady acceleration, the parameters
o', 11', and 1> are functions of only the lead—network constants T,
and T and hence the missile response in reaching the beam is controlled
primarlily by these two time constants.
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APPENDIX F
MISSIIE RESPONSE TO A STEP CRITICAL -

SURFACE ANGLE OF ATTACK

A step—displacement critical—surface angle of attack can be devel—
oped only by the variable—incidence and canerd missiles since this
critical angle is. (o+d). The critical-surface engle for the tall-aft—
control missile is o which cannot be developed repidly enough to
approach a step function. The transfer function relating missile posi-— ~
tion and critical—surface angle can be found from the relation ' _

Zy Zy 5
M Ty 2 Fl
a+d [§] a+d (F1)

a(p)/8(p) so that :

By definition, Y.

1 Ta2P2 + 2§aTa_p + 1

= F2
14T ma%p° + (28aTa+KgTy)p + (1+Kg) e

) -
;_:g(P)—

where Yo has been given in the section on missile transfer functions.
Carrying out the operation of equastion (F1) by multiplying equation (F2)
by (Al) and solving for ZyM in response to a step displacement of the
critical angle (a+d)r,

N 7.0 A 'szpa + 28pTpp + 1
M rgP(1Ky) 3[( Ta.2> 2, <2§5.T§‘+§5Tr . 1]
b 'i'_ﬁ{g p 1’*'Kg Y

(a+d)y, 9 Tp2p2 + 20pTpp + 1

=2 (F3)
Tg2(14Ky)  pH(Taa®p® + 2bg1Tarp + 1)

It will be noticed thaet this equation 1s in the form of equation (A2) for

the surface—deflection~limiter study and hence the solution developed in .
equation (A4) may be used by simply replacing &1, Ta, ba, 0a, &nd Ag
by (a+d)L/(1+Kg), Ta1, Sa1, Oa1, &nd Agy, respectively. The latter
symbols can be written in terms of the former symbols as

Tg

Ta1 =4/-1:f‘; B
8or = Ce, + KgTy -

Vg — 2Te/1+g _
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KgTyr
= +
Cal Og, eTaz
2
N 2_x2+Kg KgaTr KgTr0g,
ai -~ “a T2 LT % a2

The eveluation of these parameters using values given in table II is
shown below for the variasble—incidence and cansrd missiles:

Missile Ty Car Oa1 ey
Varieble

incidence 0.0654 0.0372 | 0.5697 { 15.27
Canard .0534 .0kT70 .8811 | 18.70

The resultent time histories as evaluated by equation (Al) then gives:

Vearisble - - 2 . ~0,57% 875t
taoddenas Zy(t) = =0.393 — 0.79t + 161t= + 0.399e™ cos (875t-9.5)
Canard Zu(t) = =0.715 — 1.37t + 161t2 + 0.722¢~9+88%cog (1072t-8.4)
Aga.in, it may be seen that the missile response is approximated by the

t© term or

+5
Za(t) % [.&.22_] £2 (FL)
2(1+Kg)Tg?

This equation can be simplified further. From equstions (A7) and (A9),
it is easy to show that

(#8)y, = ngTs® (1 - %)

Also, using the definition of K% given in the section on missile trans—
fer functlons, the factor (1+Kg can be shown to be approximated by
M3
1+ &1 -
e i,

Hence, the response of equation (Fl4) becomes

zu(t) ¥ F 2 | (¥5)
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TABLE I.— SUMMARY OF MASS, GEOMETRIC, AND AERODYNAMIC CHARACTERISTICS3
CF THE THREE MISSTILES

Lift ratio 0.50 0.10 -0.24
Missile Variaeble Conventional

incidence Canard tail aft

Perameter control
m, slugs 6.67 6.67 6.67
Ty, slug £t° 41 L1 41
Se, £t2 2.61 .86 1.hk9
Sp, £t2 1.1% 2.97 .90
lp, £% .20 3.69 .06
1py Tt k.56 3.22 L. 70
Iy, 1b/red 10,300 10,320 7,450
Lg, 1b/rad 4,270 1,270 2,460
M,, £t 1b/rad 5,800 -6,800 5,800
Mg, £t 1b/red 2,760 7,530 —11,560
5, £t 1b sec/rad —26.4 —43.7 —22.5
Mg, £t 1b sec/rad 6.3 —7.5 5.0
81, red +,255 £.,170 +.211
(%)trim N - % 106 1.107 —1.700

NOTE: The body common to sll three missiles was assumed to be 10.5 feet
long, 8 inches in diameter, and with an ogival nose 4 feet in
length. All plan forms have 30° semivertex angles. The con—
trols are all—moveble surfaces and the tails sre interdigitated.

RN
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TABIE IT.— SUMMARY OF MISSITE AERODYNAMIC AND STABILIZATION PARAMETERS

R (a) 1{v) W) 5(a) 5(1) 5(c) 6(a) 6(b) 6(c)
To® 0.006016 0.006007 0.006021 0.006015 0.006007 0.006021 0.006016 0.006007 0.006021
T2 .0030L7 .000603 —.001454 CQ304T 000503 ~001454 003047 000603 -, 001454
TeZ 0007911 .0005284 | —.00065%7 0007911 0005284 | ~.00065kT 0007911 ,000528% | —.0006547
Ty .86 1.539 2.931 N 1 1.539 2.931 .Bh6 1.539 2.931
T - 003611 —.000392 .D00X96 —.003611 .—-000392 ~000495 —.003611 —,000392 ; -000k96
.9 Lok 1.103. ~1.696 .hok 1.103 —1,696 kol 1.103 -1.696
la .0536 L0711 -0425 .0536 Nygal .oh25 -0536 o7 0425
t -0220 0153 01281 L0220 .0153 .01281 .0220 0153 L0126
T .025 025 .025 025 .025 025 025 .085 .085
LR .0T21 o721 0781 .0721 0721 .0721 .o721 .o721 0721
' 846 .Bu6 1.000 846 Bus 848 846 - T
Te .320 .370 423 .395 o .530 .320 395 450
T, .0559 .05% 055 0559 -0559 .05% 055 0559 .05%9
) 27.9 27.9 15.0 27.9 27.9 17.0 27.9 27.9 15.0
e 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
Kq kh,2 hh.e W2 b2 kb2 Iy, 2 - L) .2
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Figure /.- Sysfem of axes, angular relationships, and displacements of
missile and beam .
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(a) Limited control-surfaoce deflection. vl

Figure 2.~ Block diagrams for control systems and missile.
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Figure 3.— Normal-displacement step response for an ideal system
with limited control deflection .
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